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1. Introduction

Supersymmetric black hole solutions of five-dimensional gauged supergravity are of interest
because their existence raises the question of whether it is possible to provide an exact
calculation of black hole entropy using four dimensional super Yang-Mills theory via the
AdS/CFT correspondence [[l-f]. The first examples of such solutions were obtained two
years ago [@, E] and further examples have been obtained more recently [E, E] The purpose
of this paper is to present a more general supersymmetric solution that contains all of these
solutions as special limiting cases.

We shall be concerned with N’ = 1 gauged supergravity coupled to two abelian vector
multiplets, which has gauge group U(1)3. A solution of this theory with (electric) charges
Q; with respect to the three U(1)’s can be oxidized to a solution of type IIB supergravity
which, in CFT language has SU(4) charge given by the weight vector (Q1,Q2,Q3) [
Sometimes we shall also refer to minimal gauged supergravity. A charge @ solution of this
theory oxidizes to a IIB solution with R-charge (Q,Q, Q) [

The known supersymmetric black holes in five-dimensional gauged supergravity all
have non-vanishing angular momentum. Let J;, Jo denote the angular momenta.! The
mass is determined by the BPS relation

M = g|J1| + glJo| + |Q1] + Q2| + Q3] (1.1)

where the gauge coupling g is the reciprocal of the AdS radius of curvature.

Y(J1, J2) is proportional to a weight vector of the rotation group SO(4). In CFT language, it is more
common to work with Jr, = Ji1 + J2 and Jr = J1 — J2, which are proportional to weights with respect to
the two SU(2) factors in SO(4) ~ SU(2)z x SU(2)r.



The solutions of [ fall into several overlapping but distinct families. The 1-
parameter solution of ] concerns minimal supergravity, and is a special case of the 3-
parameter U(1)? solution of [{]. The latter is parameterized by its charges @Q; and has
“self-dual” angular momenta J; = Jo. Supersymmetric black hole solutions with J; # Jo
were obtained in [ and [ff] for the minimal and U(1)? theories respectively. The former is
not a special case of the latter. These are both 2-parameter solutions: the two parameters
can be taken to be J; and Jo, which determine the charges. We have, then, three distinct
solutions, namely those of [E,Iﬂ] In this paper, we shall present a more general 4-parameter
solution that contains all of these solutions as special cases. Just like the known solutions,
our solution preserves 1/4 of the supersymmetry in five dimensions, which corresponds to
1/16 supersymmetry (i.e. 2 real supercharges) in ten dimensions.

The method that we shall use to construct the solution is based on the work of [0, [,
[1], which reveals that supersymmetric solutions of five-dimensional ' = 1 gauged super-
gravity coupled to abelian vector multiplets can always be written in a certain canonical
form. This canonical form involves a four-dimensional Kahler “base space”. The choice
of the base space is the difficult step in constructing interesting solutions. The solutions
of [, {] were discovered by requiring the base space to have a certain highly symmetric
form (cohomogeneity 1 with U(1) x SU(2) isometry group) which is the reason why these
solutions have J; = Jo. It turns out that the base space is singular. One would there-
fore expect that solutions with J; # Jo should also have a singular base space, with less
symmetry. Finding the appropriate space by guesswork would be very difficult.

Fortunately, guesswork is not required because we already know of solutions with J; #
Jo, namely those of [, [f. These were obtained as limits of non-supersymmetric solutions
rather than by using the approach of [0, [, [[1]. So we start by writing these solutions in
the canonical form. We find that both of these solutions have the same base space, which
is indeed a less symmetric generalization (cohomogeneity 2 with U(1)? isometry group) of
that of |, fJ. In other words, we have a base space that encompasses all of the known
solutions. We take this base space as the starting point in our generalization of these
solutions. Applying the method of [0, [, [} together with a little more guesswork based
on the known solutions then leads to our new solution.

Rather than working directly with the U(1)? theory, we have found it more convenient
to study gauged supergravity coupled to n — 1 abelian vector multiplets (i.e. gauge group
U(1)") since this was the theory considered in [f, [L1]. In section 2, we shall obtain a
(n + 1)-parameter supersymmetric black hole solution of this more general theory, and
then specialize to the U(1)? theory in section 3. We have tried to make section 3 self-
contained so that it can be read independently of section 2.

The supersymmetric solution that we present should arise as a limit of a non-super-
symmetric stationary black hole solution. It would be interesting to find this solution,
which should generalize the non-supersymmetric solutions in [f, []. A possible method for
systematically attacking this problem would be to use the Carter separability criterion,
which is equivalent to the existence of a second rank Killing tensor. Indeed, this is how the
four dimensional Kerr-Newmann AdS solution was found [[[J] and the non-supersymmetric
solution of [[f] also satisfies this criterion [[[J.



Finally, we should note that there have been attempts to calculate the entropy of
supersymmetric, asymptotically anti-de Sitter black holes using N’ = 4 SU(N) super Yang-
Mills theory. Free field theory can reproduce certain qualitative aspects of these black
holes for large R-charge, but, as one might expect, always gives an overestimate of the
entropy [[4, [[§]. An alternative approach is to construct an index which only receives
contributions from states in short superconformal multiplets that cannot combine into
long ones. All such indices were constructed in [[§]. Unfortunately, these indices count
bosonic and fermionic states with opposite signs, which leads to a dramatic cancellation:
the index is O(1) at large N whereas the black hole entropy is O(N?) [15]. The authors
of [[[5] speculated that other approaches, taking more account of the dynamics of the gauge
theory (e.g. by studying the chiral ring) might be more fruitful. We hope that our work
will lead to renewed interest in this problem.

2. The general solution

2.1 The theory

We shall consider the theory of five dimensional N' = 1 gauged supergravity coupled to
n — 1 abelian vector multiplets constructed in [L]. The bosonic sector this theory consists
of the graviton, n vectors A’ and n — 1 real scalars. The latter can be replaced with n real
scalars X! subject to a constraint

1
ECUKXIXJXK =1, (2.1)
where Cyjx are a set of real constants symmetric under permutations of (IJK). Indices
I,J,K,... run from 1 to n. It is convenient to define
1 Jy K
X7 = ECUKX X7, (2.2)

The action is?

1
S = —/ Rsx1— QrF' AxF? — QrrdX! AxdX’
167G

1
—EC[JKFI/\FJAAK+2Q2V*1>, (2.3)
where FI = dA! and 9 )
Q[JEgX[XJ—§C]JKXK. (24)

For simplicity, we shall assume that the scalars parametrize a symmetric space, which is

equivalent to the condition

’ ’ 4
C[JKCJ/(LMCPQ)K/(SJJ (5KK - gél(LCMPQ) (25)

2We use a positive signature metric.



This condition ensures that the matrix (Q;; is invertible, with inverse

Q" =2x'Xx7 —6C!7 K Xk, (2.6)
where
CIJK = C[JK. (27)
We then have 9
X! = 5C”KXJXK. (2.8)
The symmetric space condition is probably not essential — we expect that it should be

possible to use the results of [LI] to relax it in what follows. However, we are mainly
interested in a U(1)? theory for which this condition is satisfied so we shall assume it for
simplicity henceforth.
The scalar potential is3
YV =21C1"E X X 1 X, (2.9)

where X are a set of constants. It was shown in [[f] that the unique maximally super-

symmetric solution of this theory is AdSs with radius ¢!

scalars: X! = X!, where

, vanishing vectors and constant

_ 9 _
X! = §CUKXJXK. (2.10)

In section 3, we shall consider a particular U(1)? gauged supergravity. In the above lan-
guage, this theory has n = 3, Crjx = 1 if (JJK) is a permutation of (123) and Crjx =0
otherwise, and X! =1 (so X; = 1/3).

2.2 Supersymmetric solutions

The general nature of supersymmetric solutions of this theory was deduced in [ff] following
closely the corresponding analysis for the minimal theory given in [[(J. Given a super-
covariantly constant spinor €, one can construct a real scalar f ~ € and a real vector
VH ~ eyte. These obey V2 = —f2 so V is timelike or null, and it turns out that V
is always Killing. There are two cases: a “null” case, in which V is globally null and a
“timelike” case in which V is timelike in some region U/ of spacetime. The former case was
treated in [L], [l and does not concern us here because such solutions cannot describe
black holes.

In the timelike case, we can, without loss of generality, assume that f > 0 in U, and
introduce local coordinates so that the metric takes the form

ds? = —f2(dt + W) + f L hppdz™dz", (2.11)

with V' = 0/0t, hy,y, is a metric on a 4-dimensional Riemannian “base space” B and w a
1-form on B. Supersymmetry implies that the base space is Kéhler [0, {]. Let J denote
the Kéhler form and define the orientation of B so that J is anti-self-dual. If 14 denotes
the volume form of B then (dt + w) A 14 must then be positively oriented in space-time.

3This is related to the notation of ﬂ] via equations (2.23) and (2.29) of that paper.



Turning to the Maxwell fields, supersymmetry implies that [f]
Fl=d[X'f(dt+w)] +0" —9gf*CEX ;XK J, (2.12)

and 5
X0l = —§G+, (2.13)

where ©7 are self-dual 2-forms on B and
L1
G = §f (dw + *4dw) , (2.14)

where x4 is the Hodge dual on B. Now define R to be the Ricci form of B:

Ronn = = Ronmpg 7%, (2.15)

where R,y is the Riemann tensor of B and indices are raised with h™". Supersymmetry
implies that [{]
R =dP, (2.16)

where
P, =3gX; (AL — fXTwp,) . (2.17)

These equations determine f [[] (R is the Ricci scalar of B):
1084 -
f = TR X X (2.18)

The above conditions are all necessary for supersymmetry. The analysis of [H] reveals that
they are also sufficient, i.e., a supercovariantly constant spinor will exist if the metric
and Maxwell field are given by (R.11)) and (R.19) for some Kihler B, and equations (2.19)
and (R.16) are satisfied. The field equations of the theory are all satisfied once we impose
the equations of motion for the Maxwell fields [f], i.e., the Bianchi identities

dF! =0, (2.19)
and the Maxwell equations,
1
d(Q[J*FJ):—ZC[JKFJ/\FK. (2.20)

One can substitute the expression (P.12) into these equations to obtain a pair of equations
on B [[] but we shall not write them out here.

The analysis of [I(, [ reveals that the fraction of supersymmetry preserved by these
solutions is generically 1/4, i.e., such solutions are preserved by 2 real supercharges. This
might be enhanced in special cases. However, it has been shown [[[7] that this does not
happen for the supersymmetric black holes of [f], even when oxidized to ten dimensions.
Since these are a special case of our solution, we do not expect supersymmetry enhancement
here either.



2.3 The base space

The first step in constructing a new solution using the above procedure is to choose the
base space. As discussed in the introduction, we shall use a base space obtained by writing
the metrics of the supersymmetric solutions of [, [f] in the form (R.11]). We find that the
base space of both metrics takes the form

dr?  df*> cos’@

B da™dz™ = (r2 — r2) { 2+ cos® 0 (p°g” +2(1 + bg)(a + b)g)] dy)”

)
. 9
sin“ 6 _ .
+-=5 [Ea +sin?0 (0’67 + 2(1 + ag)(a + b)g) | dg”
—a
2sin? f cos? @
— == [P292 +2(a+b)g+ (a+ b)292] d¢d¢} ) (2.21)
Salp
where
A, = (7“2 — 7“8)2[927”2 +(1+ag+ bg)Q]/TQ, Ap =1—a%g? cos® 0 — b%g?sin? 6,
2, = 1—ad%¢%, = =1-b%¢% p* =12+ a*cos? 0 + b*sin? 6. (2.22)

The coordinate ranges are r? > r%, 0 <6 < 7/2 and ¢, are angular coordinates with
period 27. Surfaces of constant r have topology S2. This metric is specified by three
constants: a, b and r3. The first two of these correspond roughly to angular momentum
parameters for the ¢ and 1 directions of the black holes of [, [il. We shall assume?
g ' > a,b > 0. The base space has a curvature singularity at 72 = r% but the space-time
metric (R.11)) is smooth at 72 = 73, in fact this corresponds to the event horizon. 73 is
not an independent parameter for these solutions. For the minimal gauged supergravity
solution of [ff], it takes the value r = 72,, where

rZ, = g '(a+ b+ abg). (2.23)

For the U(1)3 solution of [A], rZ = r2, where
N L.
14+ ag+bg

For these values of 1y, supersymmetry implies that the above base space metric must be
Kéahler. We find that the Kéahler form is

4 [(w ; r2) <cosi9d¢ N sini@dqb)} . (2.25)

In fact, we find that the metric (R.21) is Kihler for any r2, with Kihler form given by (2.23).
Anti-self-duality of J determines the orientation of B: dr AdOAdiypAd¢ is positively oriented.
For later convenience, we also record the Ricci form:

29 42 2 ,'29 42 2
R:392d[% <p2+b2+%—%‘)>d¢+%<p2+a2+%—%°>d¢]. (2.26)

(2.24)

=p Za

—=b

1t is easy to see that a,b > 0 can always be arranged by a coordinate transformation. For example,
if a < 0 in the general non-supersymmetric solution of [ﬂ] then taking t — —t, ¥ — —v and ¢ — —q
(where ¢ is the charge parameter of [ﬂ]) effectively reverses the sign of a. The base space is determined
after arranging a > 0,b > 0.



It appears, then, that we have a 3-parameter generalization of the 2-parameter base metrics
of [, [{]. However, this is not the case: it turns out one combination of these parameters

can be eliminated by a coordinate transformation. To see this, let

12 — 2 = a?sinh?(go),  o® =72+ ¢ 2(1 +ag + bg)*. (2.27)

The base metric now takes the simplified form:®

2
B dz™dz™ = do?® 4 o sinh?(go) (a292 cosh?(go) — Ag) <0082 Hdw + sin? 9d¢>

— —
(=)
—

=b a
d6? dy? d¢?
+a? sinh?(go) (A— + Ay cos? 9% + Agsin? H%) . (2.28)
0 g; =2

Since Ag = E, cos? f + Zpsin? 6, it can now be seen that the metric depends on only two

combinations of the constants, namely A, B > 0, where

2 _ Sa 2 Zp

peRcE (2.29)
The redundancy in the metric (2.21]) implies that r(z] can be set to any convenient value by
means of a coordinate transformation. We shall choose r(z] = 0. Note that the parameters
a, b also transform. If we start in the “gauge” rg = 0 and transform to some new value of
ro then the new values (a/,b') can be determined by invariance of A, B. This is important

when comparing our results with those of [f, fd.

2.4 The solution

Having chosen a base space, it remains to solve the remaining conditions for supersymmetry.
We shall do this by making an Ansatz that is sufficiently general to encompass the known
solutions of [ -[d. We take the general supersymmetric metric (R.11]) with the particular
base space (R.21]) with g = 0. The Ansatz is

w = wyd) + wedo, (2.30)
cos® 6 sin® @
Wy = _grzrb (' + P+ R),  wy= _grzz (' + Q20" + Qo) ,  (2:31)
— —a
1 Xip? +e
-1 _ AIp 1
Xi=-H=——-+— 2.32
f 1 3 1 r2 ; ( )
29  _ inZ6
Al = fx(dt+w)+ 22 (X2 ) dp + LD (X2 4+ dl) dg, (2.33)
b Za

where P, Py, Q2,Qo, er,c! and d! are constants. Equations (2:33) and (R-2) determine f:
1
7= ECIJKHIHJHK, (2.34)

i.e.,
r2

F) F(p*) = p° + Bip* + Bap® + Bs, (2.35)

/=

®In this form, it is easy to see that the base metric reduces to the cohomogeneity 1 base metric of [E, E]
when a = b.



where

27

B = CUKXIXJBK—?)X er, Bo = 5

9
—CclE X e ek, B3 = §CIJK€[€J€K.
(2.36)
For the solutions of [J—[T, A{p and Aé decay as 1/r? for large r so we impose the same

condition here, which determines
o =x! (Pz—ﬁl)—i-QCIJKXJeK, dl = X1 (Qz—ﬁl)—FgCIJKXJeK. (2.37)

For orientation, we note that this Ansatz can be embedded in minimal gauged supergravity
when X7 = X; and Al = X! A where A is the Maxwell potential of the minimal theory.
Now we impose the conditions required for supersymmetry. First, equation (R.16) is
satisfied for the Ricci form (R.26) by taking P, = (472, + (1)/3 + b* and Qo = (472, +
B1)/3 + a® (where 2, is defined by (B.23)). Next, either from imposing self-duality of ©f

or from equation (R.1§) one obtains the constraint

By =2rp, (2.38)
and hence
Py=2r2 4%, Qo =2r2 +d> (2.39)

The final equation required for supersymmetry is (B.13), which is satisfied if

Po=g (- a + g~ P)], Qo= [ - - g~ (240)

We must now impose the equations of motion for the Maxwell fields. The Bianchi identities
are trivial (we've specified potentials) and the Maxwell equations turn out to impose no
further restrictions. Hence we have a supersymmetric solution. It is specified by the
constants a,b and ey subject to the constraint (R.38). Therefore the solution has n + 1
independent parameters.

2.5 Asymptotics and charges

Now we show that our supersymmetric solution asymptotes to AdSs. To transform to a
frame which is not rotating at infinity let ¢t = £, ¢ = ¢ —gi, ¢ = ¢ — gt and y?> = r2+2r2,/3.
The spacetime metric for large r (or y) then takes the form
Ay
ds® = —[

Haub(1+ g° 2)+(9< )]dt +(9<y )dtdw+0< >dtd¢+(9< )dwdgb
+[CO:S—6( +b2)+0<y )}dzﬁ [M(y2+a2)+(’)<?>}d¢2

—=b —a

~9 2 ~2 2
p°+O/y?) o p°+O(1/y?)

v

* = y? 4 a®cos® 0 + b%sin 0,

_ 2,2 4
A, =y 2 <y2 — gr,%ﬂ> (1 + ¢*y? + ¢%a® + ¢°V* + —g2r3n> .

dy? (2.41)

3



To bring the asymptotic metric into the familiar global AdS5 coordinates one needs to
perform the transformation:

Z,Y?sin? © = (y* + a?)sin? 0, Y2 cos? © = (y* + b?) cos? 6. (2.42)
In the asymptotically static coordinates, the supersymmetric Killing field is
0
V=rxr+9—=+9—. (2.43)

The notation used above enabled the solution to be presented in a concise manner. How-
ever, in calculating the charges it is useful to define new parameters q; defined by

er = \/ZuZuqr — g2 (1 — \/EaEb> X (2.44)

We shall see that g are closely related to the electric charges of our solution. Let

27 _ _ 27 - 9
a = ECIJKXIXJQK =3X'q, Qg = ECIJKXIQJ(HO ag = §CIJK(HQJ(IK-
(2.45)
These are related to the §; via
B = VEuEpa1 — 39 2(1 — V/E,5),
2
o 2vVELE (1 — VELES 3(1—VE.=
By = E,Zpa0 — o= ( — )041 + ( — ) : (2.46)
g g
= = = =9 —=\3
— =3 Sap — VEaZp(1 — V2450 1 —VELE
B3 = (2aZp) 23 — a2 <1— :a:b)ag—{— aZ( 1 a=b) 1_( 6“ )
g g g
The constraint (2.3§) becomes
1 1 A B 1
- 242 3)= [22 3*2(1—\/E:>], 2.47
aq gQ<AB+B+A ) ==, T, + 39 aZb (2.47)
where® _ _
= v=e = B= = (2.48)
(14 ag+ bg) (14 ag+ bg)
The electric charges are defined by:
Qr = ! Qs+ F’ (2.49)
'~ 8@ 53 7 ’ ’
where the integral is taken over a three-sphere at infinity. This gives:
37 20 - 32 _
Qr= e (fﬂ -4 5 2Xr+ %CIJKXJCKLMQLQM> : (2.50)

Note that this is independent of a,b and hence coincides with the result of [f].

SNote that A, B are the “gauge-invariant” quantities defined in ()7 here written in the gauge ro =
0. It is therefore straightforward to convert our expressions to any other value for ro, which facilitates
comparison with [E, ﬂ]



We will define the angular momenta via Komar integrals

1
J; =
" 167G Jgs

*dK;, (2.51)

where the Killing vector K/ is either 94 or 9y and the S3 is at infinity. We find:

T |1 3 (B_A) 2 4 6
J¢:E[igozg%—ga3+ng(1+ga1+ga2+ga3) , (2.52)

s 1 3 (A_B) 2 4 6
Jw:E[agag—kgag—{—ng(l—{—gal—Fgag—{—gag) . (2.53)

The mass is fixed by the BPS condition

M = g|Jy| + g|Jy| + | X' Q1] (2.54)
which gives
@ 3 9 4 (A-B)’ 2 4 6
M:E a1+§g042-1—29043—|—W(1+9041+9042+9043) . (2.55)

As written above, it is trivial to see that these various charges reduce to those of the black
holes of [[j] when a = b. We have have also checked that they are consistent with the results
of [, ], for which one needs to use (R.29) together with the appropriate value of rg.

2.6 Absence of causal pathologies

Note that f is an invariant of the solution and should therefore remain finite on, and
outside, the horizon. Hence we demand

F(p*) >0 for r>0. (2.56)

This constraint guarantees that the scalars are finite for r > 0. For A > B, evaluating this
inequality at r = 0 gives

g6a3 >

(A—B) [ (A - B)?
B ( B?

+ g4a2> : (2.57)

If A < B then the same expression holds with A and B interchanged.

Absence of closed causal curves requires that the ¢ — v part of the metric be positive
definite. We find that this is the case as r — 0 if, and only if,
_g*a5  (A-DB)

- (1+ g1 + gz + g°as) > 0. (2.58)

6=(1 2
(1+g°a1)as 1 ABgS

2.7 Extension through the horizon

We shall now show that our solution has an event horizon at » = 0. To this end, we
transform to new coordinates (v, R, 6, ¢’,v') where

R = gr?, (2.59)

,10,



dR,  dé =do—

Ao Aq / Bo=y CoZq
dv=dt — [ 20 4 21 g & = dip —
! <92R2 +9R> f v=dvmTg R

where Ag, A1, By, Cy are constants to be determined. The exterior of the black hole corre-

sponds to R > 0. The scalars X can be smoothly extended through R = 0, as can the v, ¢/
and v components of the Maxwell potentials A’. The remaining non-zero components A%

dR, (2.60)

diverge as 1/R as R — 0. However, this divergence is pure gauge if the coefficient of 1/R
is independent of 6. This will be the case if, and only if,

Co (Qo — a*Q2 — B2) = By (Py — b’ Py — f2) (2.61)

By (¥Py + B83) — Co (a*Qo + B3) + g~ *(a® — b*)Ag = 0. (2.62)

If Ag, By, Cy satisfy these equations then the Maxwell field strengths can be smoothly
extended through R = 0.

Now let’s consider the metric. It is convenient to work with independent variables R
and p? rather than R and . We then expand metric components as Laurent series in R
(near R = 0). The coefficients in this series are analytic functions of p?. We have

Gov = _f2 = O(R2)’ oy = _f2ww = O(R), Gue = _f2w¢ = O(R)a
9o = 9o = O(1)s  Goryr = Gop = O(1),  gyryr = gy = O(1). (2.63)

Using equations (R.61)) and (R.63) we find

By —C
gult = (H) F(p2)1/3 + O(R)7 IRy = 0(1)7 9Ry = 0(1) (264)

The RR component of the metric contains divergent 1/R? and 1/R terms so we need the
coefficients of these terms to vanish. After using (P-61]) and (R.69), the vanishing of the
coefficient of the 1/R? term determines By, Co:

B ig252/2 + g%a* + g%a®b? /2 + 2g%a®r2, + (a® — b?)/2
O pr—
20E4Z4(1 + ag + bg)2V/
2 9 2b4 22622 22b22_ 2_b2 9
2024Ep(1 + ag + bg)?v/d
where § is defined by (R.5§). Ag is now determined by (R.69). Finally, vanishing of the
coefficient of the 1/R term in grr determines Ay:

)

A = 7*(CoQo — BoPy) n g*(a® — b?)
' a? — 1?2 8(Bo — Co)(1 + ag + bg)*
(a+0b)

- B2(1+ bg)(3b%>g — a + b + abg) — 2B 24 b%)g(2 b
2(a?—b%)(Bo—Co) o(1+bg)(3b°g — a+ b+ abg) 0Co(a”+ b*)g(2 + ag + bg)

+CE(1 + ag)(3a®g +a — b+ abg)|. (2.66)

We now have

grr = O(1). (2.67)

— 11 —



Using the solutions for By, Cy determines

F(p*)'/3
gor =t ——F~=+
§ 29:‘a:‘b\/g

The metric and its inverse are now analytic at R = 0 and can therefore be extended into

O(R). (2.68)

a new region R < 0. The surface R = 0 is a Killing horizon. To see this, consider the
supersymmetric Killing field V' = 9/dv, which is null at R = 0. The above results imply

F()'® o

| d$M|R:0 ==+
g 2gEaEb\/3

(2.69)

R=0
This reveals that the R = 0 is a null hypersurface with normal V| i.e., a Killing horizon of
V. The upper choice of sign corresponds to a future horizon and the lower choice to a past
horizon.

Equation (R.43) determines the angular velocities of the horizon with respect to the
static frame at infinity:

The geometry of a spatial cross-section of the event horizon is determined by setting v =
constant and R = 0, or equivalently ¢ = constant and r — 0. This gives a deformed S°
with area

202 A — B)2
Ag = 27?2\/(1 + g?aq)ag — J 1 2_ | ABg6) (14 g%a1 + g*az + ¢8as). (2.71)

This reduces correctly to the results of [J—[] in the appropriate limits.

3. Solutions of the U(1)® theory

In this section we shall consider the special case of N = 1 U(1)3 gauged supergravity.
This theory is of particular interest because its asymptotically anti-de Sitter solutions can
be oxidized to asymptotically AdSs x S° solutions of type IIB supergravity Bl. We shall
present a four-parameter supersymmetric black hole solution and list its properties. This
section can be read independently of the previous one. However, it is necessary to refer to
the previous section for derivations of our results.

The U(1)? gauged supergravity theory of interest is described in [§] (and in section P.1]
above). The bosonic sector consists of the graviton, three vectors A! (denoted 4; in [g])
and three real scalars X' (denoted X; in [J]) subject to the constraint

XIX2X3 =1. (3.1)

We use coordinates (t,7,0,¢,1) where r > 0 will correspond to the exterior of the black
hole, 0 < @ < 7/2 and ¢, have period 27. Surfaces of constant ¢ and r have topology S°.
The space-time metric is:

ds® = — (HyHyHz3) ™3 (dt + wydd + wydip)? + (Hy HyHz) Y3 hyppda™da™, (3.2)

- 12 —



where

VZaZu(1 + g?pr) — Z4 cos? § — Zysin? 0

dr?  do? 29
nda " da” = 1° { o+ o [Botcos?d (0797 + 2(1+ bg)(a + b)g)] v
r 6 =p

)
0
—i-SlEQ [E4 +5sin”0 (p*g* + 2(1 + ag)(a + b)g)] dp*
—a
2sin2 6 cos? 0
PRI R g 4 2a g + (a+ 0757 dvids | (3.4
E.=
A, = r2[g2r2 +(1+ag+ bg)2], Ap=1—a?¢g?cos® 0 — b*¢g?sin’ 0,
2, = 1—d%g¢?, Sy =1—b%¢?, p? =12+ a%cos? + b?sin? 6, (3.5)
20 1
wy = _9:;’72 [;;4 +(2r2, + V)P + 5 (82— a?b? + g7 2(a® - b2))} :
Zp
)
sin“ @ 1 _
wy = _gTT [p‘l + (27“% + (12)p2 + 5 (52 —a??—y 2(a2 — 62))] , (3.6)
—Qa
and
r2 =g Ya+b)+ab (3.7)
o 2ET, (1 - VE.S,
B2 = ZaZp(ppi2 + papis + pops) — . (gg =) (p1 + p2 + p3)
2
3(1—VEdE)
n 3.8
The scalars are 13
H,H>Hs3)
x! = (— 3.9
. (3.9
The vectors are:
Al = H N (dt + wyd + wydd) + Ujdyp + Ujde (3.10)

where

2
gcos” 0 — _ =
Uﬂi = — <P2 + 27472n + b2 — V SaSbMT + g 2 <1 - :a:b))

=b

.2
sin” 6 —— _ ——
Ul = gsm ¥ <p2 +2r2 +a® — \/EuEpur + g2 (1 Y :a:b>> (3.11)

—
—a

The solution depends on five parameters:” 1, po, i3, a, b where g=' > a,b > 0. Only four
parameters are independent because of the constraint

[Qrfn +3g72 (1 - \/ﬁﬂ . (3.12)

w1+ po + pg =

— =
— =
Za—=b

"We emphasize that the parameters a,b are not the same as in [E, ﬁ] See section E for details. For
comparison with section 2 note that qr = /3.
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Regularity of the scalars for » > 0 requires that

g*ur > —1>0, (3.13)

[I]| [1]

a

when a > b. If a < b then the same expression applies with a, b interchanged.

This solution is expressed in co-rotating coordinates. A coordinate transformation
t=1t ¢=¢—gt,p =1 — gt is required to bring it to a manifestly asymptotically anti-de
Sitter form as r — oo.

The electric charges are

) ) _

_ T 9 _
Q1 = el +5 (pap2 + paps uzus)_
) -

N _
Q2 = e p2 + (aps + p2pn — pips)

T 2 ]

g
- I _ . 3.14
Q3 1 _u3+ 5 (pspia + paps — pape) (3.14)

It is possible to set one, but not two, of these charges to zero without violating (B.13). Let

T =1+ g m)(1+ ¢*u2) (1 + g pa). (3.15)

- 1) j) . (3.16)
- 1) j) . (3.17)

7 3 Va4 — V)2
M=z (m + p2 + piz + 592%/@ + gz + pops) + 29° p o + (;T)j> :
ZaZb
(3.18)
The solution has an event horizon at r = 0. The angular velocities of the event horizon

The angular momenta are given by

Q[I] | [1]
o

T = 2 ( 30tmma + paris + paps) + Priapapss + 97
¢ 4G 29 M1 + U233 T+ U1H3 g pipap3 + g

[1] | [1]
(SR S

Ty = = 59t + pps + o) + Ppasiams + g7
P 4G 29 Hip2 + H1 3 + U243 g Hipop3 + g

The mass is deduced from the BPS equality ([L.1):

with respect to the static frame at infinity are
Qw = Q¢ =g (319)

Spatial cross sections of the event horizon have the geometry of a deformed S® with area

— 2 2 = =\2
" i i + + NN
An 27r2\/[1 + g2(u1 + o + i) s g% (a2 uiug papi3) ( gGa VEb) 7.
=0l
(3.20)

The expression within the square root must be positive, otherwise there are closed causal
curves near r = 0. Note that J > 0 so, for given electric charges, the horizon area is
maximized and the mass minimized when a = b, i.e., when Jy = Jy.
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